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Abstract: The Einstein vacuum equations in the formulation developed by Newman, 
Penrose INPI and Friedrich ||Q are expressed in terms of a Lie superbracket. Differ- 
ential identities are derived from the super Jacobi identity. This perspective clarifies 
the covariance properties of the equations. The equations are intended as a tool for the 
analytic study of vacuum spacetimes. 

1. Introduction 

In this paper, we discuss a formalism that is suited to the analysis of solutions to the 
Einstein vacuum equations. In this formalism, the vacuum equations 

• become a quasilinear, first order system of partial differential equations, that 

• are quadratically nonlinear, and 

• through gauge-fixing, can be brought into symmetric hyperbolic form. 

Newman and Penrose INPII introduced the basic unknown fields of this formalism 
(frame, connection, Weyl curvature) and the corresponding Einstein vacuum equations. 
Their equations are not independent, but satisfy general differential identities, that were 
derived by Friedrich |E1 . 

Friedrich [FPl showed, by choosing an appropriate gauge, that the vacuum equations 
contain a symmetric hyperbolic subsystem that determines the evolution of all unknown 
fields. To show that the remaining equations, called constraints, are also fulfilled, he 
used the general differential identities. 

In this paper, the vacuum equations as formulated by Newman and Penrose are ex- 
pressed in terms of a Lie superbracket, see ( 15.1b and ( 15.2b . The general differential 
identities, see ( I5.6bb . are derived from the associated super Jacobi identity. We take 
special care to exhibit the covariance properties of the equations. 

We used a forerunner of the present formalism to analyze strongly focused gravi- 
tational waves, see Appendix B of IRTJ . The point of the refined presentation of this 
paper is the derivation of the equations in Section |8] from an invariant point of view. 
They are intended to be used as a tool in the analysis of other problems in classical 
general relativity. 

Important remark: We expect that there is a close relationship between the notion of 
a Cartan connection, see (Shl, and the formalism of this paper, which is not made here. 
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This relationship ought to be clarified. However, we have not pursued this relationship, 
since the equations of Section|8]can be derived without it. 



2. A Lie Superalgebra Identity 

We recall the definition of a real Lie superalgebra: 

Definition 2.1. A (non-associative) Z2-graded real algebra (L = Lq © Li, | - , •]), 
with even parts Lq and odd parts Li, satisfying for all xi G ifc^, X2 G ifea, G Lk^ 

(a) [xi, X2\ G Li with i = ki + k2 (mod 2) 

(b) lxi,X2l = 1X2, Xil 

(c) 1x2, xsM + (-1)'^-'^^ 1x2, Xil + (-1)^3^2 f^^^ lx,,X2M = 

is called a real Lie superalgebra. In this context, | • , ■ ] is the Lie superbracket, (O is 
super skew-symmetry, and ((cp is the super Jacobi identity. 

Let (L = Lq ® Li,\ - , 'I) be a Lie superalgebra as above. Set Aq = Lq x Li and 
Ai = Li X Lq, that is Ai ~ Li x Lg+i for all £ G Z2. 

Definition 2.2. For £ e Z2, let 

P(^) -.AixAi^ Ai+i {x, y) ^ V^^y 

where 

y = Z ^ {Zl,Z2) e Al+l with < T , IT Tl (^.l) 



Z2 = ulxi,y2\ + e£[?;i,a:2] 
for all X ~ {xi,X2) G Ai and all y = {yi,y2) G A^. Here, eo = 1 and ei = i. 

Equation (12. It is consistent, because xi G ii, X2 G £0, 2/i G 2/2 G -^£+1 imply 
zi G i^+i, 2:2 G Lf, as required. 

Convention 2.1. From now on, we will drop the superscripts (0), (1) on the operator V, 
with the understanding that "the arguments determine the superscript". 

Proposition 2.1. V^^V^x = 0/or all x ^ Ai 

Proof. Let y = V^x and z = "Dxy. We have to show that z = 0. We have 

yi ^ X2 ~ \lxi,xi\ (2.2a) 

y2 = [a;i,a:^2l (2.2b) 

and therefore 

21 2/2 - , = 5 [xi , , xil\ (2.2c) 

22 = lxi,y2\ + l2/i,a:2l = [2:1, Ia::i,a;2ll - XiJ, a:2l + 1x2,0:2] (2.2d) 

Recalling that xi G Li and X2 G Lq, the super skew symmetry (|b]i and the su- 
per Jacobi identity (jcj in Definition 12. 1 1 implv \xi, |a;i,a;i]| = 0, [[a;2,a;2l = and 
||xi,a;i|,a::2l = 2[[a;i, |xi,a;2|]. For example, 

= {xi, [a:;i,X2ll + [3:2, [a:^i,a;i]| - {xi, 1x2, xi}} 

= {xi , Ixi ,X2\l- llxi ,Xi\,X2l + {xi , {xi , X2l\ 

Therefore, 2 = 0. □ 
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Remark 2.1. In Section|5]the abstract equation V^x = for the unknown "field" x G 
A\ will be interpreted as "Einstein vacuum equations". There are too many equations. 
The system is apparently overdetermined. The remedy is the identity of Proposition l2.1l 
that holds for all x G A\. 

3. Diamonds 

Convention 3.1. In this paper, all manifolds are real, smooth and finite dimensional. For 
any fiber bundle tt : E ^ B, the fiber over p G B is denoted by Ep = tt^^{{p}). 
For any section X G r{E) the map X : B ^ E is given hy p i-^ Xp G Ep. For 
any vector bundle n : E B we denote by E*, Sym^ E, EiE, the dual bundle, the 
subbundle of symmetric elements of E ® E, and the sphere bundle associated with E. 
That is, for p G B, we have (SS)^ = [Ep \ {0})/R+. Finally, End(£:) = ® £; is 
the endomorphism bundle associated with E. 

Convention 3.2. For a bundle tt : E ^ B we denote by T{E) the algebraic direct sum 
of all tensor products of E and E* . 

For the rest of this paper, fix 

• a 4-dimensional manifold Af , 

• a real vector bundle Try '■ V ^ M with 4 dimensional fibers, 

• a section S) G i^(§ Sym^ V*) with signature (— , +, +, +). 

In other words, Sj defines a conformal Lorentzian inner product on each fiber of V . 
Definition 3.1. For every integer k > 0, let be the set of all maps 0, 

: r{T{V)) ^ r{A''V* (g> T{V)) (3.1) 

so that for all u,v £ r{T(V)), all representatives [) G -r(Sym^ V*) of the conformal 
Lorentzian inner product G /^(SSym V* ), and all Y G r{V®^), we require, with 
Convention \3.3\ below: 

(a) is linear over M, 

(b) Oy maps C°°{M) C°°{M) and r(V) ~> r{V) and r{V*) -> r{V*), 

(c) (}y{u ®v) = (Oyu) (E)v + u(E) (Oyw), 

(d) 0/ = if I G r{End(y)) is the identity on the fibers ofV, 
fej Of) = ^ t) for some fi G F^a'^V*). 

The vertical subspace V'l C V'' is the set of all G "P*^ such that Of = for all 
f G C°°(M). 

Convention 3.3. For each Y G r(y®'=) and u G F{T{V)) set 

OYU = iY{Ou) G FiT{V)) 

Here iy is interior multiplication by Y acting on the first k factors of ()u. 

Remark 3.1. Observe that Or acts on the ring C°°{M) as a derivation, by 

Remark 3.2. Every element of V'' can be written as a finite sum of "pure" elements 
6* (g) 0, where 9 G F{a''V*) and G V". The Leibniz rule (c) for 6* <> reads 

(6* (g) 0)(u (g) w) = 6* (g) (Ou) ® w + 6* (g M g) (Ow) 
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Remark 3.3. Let 2 be an index set, \T\ = 4. Let F(^a) , a G X, be local sections of V that 
are a frame for fibers of V. Let A'"', a G Z, be the dual frame. For every G V'^ and 
y G r(y^''), property © in Definition[TT]implies 

= OyI = Oy(A('^) ® - (OyA(")) + A^"' ® (Oy^^(a)) 

Consequently, (OyA("))(i^(,,)) = - X^"^ {Oy F(^b)) for all a,b e I. Now, the Leibniz 
rule © implies 

{OYOiz)^OY{az))~aoYZ) 0.2) 

for all ^ G r{V*) and Z G r{V). 

Definition 3.2. Lef m,ki, . . . ,k£ > be integers, and k = ki + . . . + kp. The multi 
{ki , . . . , fcf) wedge product operator shifted by m is the linear map 

■ ^{{^"'v*) ® {A^w*) ® ■ ■ ■ ® {^^'V*) ®T{v)^ 

determined by ■ ■®vg®u v-^ ^® (yi A - ■ ■ ®u. Set Aki,...,k( — A^"^ j,^. 

Remark 3.4. We have 

Afci.fca+fcsAi^lfeg = Aki,k2,k3 

0A..,.3 = AitlO 

for any (} eV^K 

Proposition 3.1. For all () eV^,f e V^, set 

IO,^l-AMO^^-(-l)"A,,fc^^O (3.3) 
Then \(),(^\ G 7"^+^ and moreover, (Vq © 'Pi, [[• , •]) is a Lie superalgebra, with 

Proof. To see that |0, 'J^J 6 7^*^+^, consider first the special case when A: = ^ = 0. In 
this case |0, <2^I = 0^ - <2^0. Properties (a), (b), (d) in DefinitionOhold. The Leibniz 
rule (c) holds: 

10, ®v) = ()^{u ®v)- ^0(u ® v) 

= 0((^u) ®v)+ 0(u ® {^v)) - <2^((0u) ®v)-()){u® (Ow)) 

= (OO") ® + (^u) ® (Ow) + (Ou) «) (<2^f ) + u® (0<2^w) 

- (^Ou) «) w - (Ou) ® (^i') - (^u) ® (Of) - u ® (OOi;) 

= (10, 01") ®^' + ^^® (10,01^0 

For property (e), note that there are /j G C°°(A/) such that Of) = yuf) and Ob = i^f)- 

10, m = om - ^(/i[)) = (Oii)[} + ^A^f) - (Oa^)!) - = (0/ - ^M)f) 

Therefore, (e) holds. For general fc, £, (a), (b) and (d) still hold. For the Leibniz rule 
(c), observe that both sides of ( 13.3b are bilinear over M in and 0- It therefore suffices 
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to consider the case when = 6* Oo ™d ^ = P ® ^o, where Ooj 'i/^o G 'P^ and 
e e r(A''\^*) and p e ^(aV*). In this case, 

10, ^^I = Afe,, e®%{p® ^o) - (-1)" A,,fc p®<])o{e® Oo) 

= (0 A ^) ® lOo, ^ol + (0 A (Oo^)) ® ^^0 - ((^^0^^) A ^) ® Oo (3.4) 

Each term separately satisfies the Leibniz rule (the first one by the special case k ~ £ ^ 

0), and (c) holds. Property (e) also follows from ( 13.4b . 

To see that | • , • ] : V'' x T'^ — > is a Lie superbracket, observe that 

1^,01 = A,,fc^O-(-l)'=' Akj 00 

= i-l)'+'"{Akj O^-(-l)'' A,,fc^O) 

Let Oi e r''\ O2 e O3 e Then 

lOi, [02,0311 = Afc,,fc,+fc30i Afc,,fe3 O2O3 - {-lp'''hk^.k-2+k,0i Ak,M O3O2 
- ( - 1 ) ^ Afc, +fe3 Afe, ,fe3 O2 O3 Oi 
+ (-l)'^('^+'^^+'^'^Afe,+fc3,fc, Afe3,fc, O3O2O1 

By Remark[l4l 

(-l)''^^''MOl, [02,0311 

= (-1)'=^'^-Mfe,,fe,,fe30l0203 - (-l)'=''^'Afe,,fc3,fe,02030l 

_ (-l)'=3(fei+'=2)Afe^,,3_,^0l0302 + (-l)'^^'^+'=^^Afe3,fc,,fc,03020l 

Adding, 

(-i)'^'-^ [Oi, [O2, 03II + (-1)'^'^ [O2, [O3, Oill + (-i)'^^'^^ [O3, [Oi, O2II = 
□ 

Convention 3.4. The symbol J' denotes a finite index set. The set J' and its length \J'\ 
may change from occurrence to occurrence. Boldface small Latin indices a, b, . . . take 
values in J'. Boldface Capital Latin indices are multiindices, that is, elements of J''^ for 
some k > 0. The length of a multiindex A = (ai, . . . , a^) will be denoted |A| = k. 
We write Xa ~ Xg^-^ • ■ • ® X^^, for various types of objects X. 

Definition 3.3. Let J he an index set and let A, Bi, . . . , be -multiindices such 
that |A| = |Bi| + . . . + IBfl = k. Let A = (ai, . . . ,afe) and let Bi|| • ■ • ||B^ 
(bi, . . . , bfc) be the concatenation o/Bi through B^. Set 

Aa^^-^^ = |B, | !.HB.|! E sgn(7r)4,,„''^ • • ■<5a.,„'"= (3.5) 

The index set J is implicit in (13.5b and will be specified every time it is used. 
Remark 3.5. Aa^*^Ab°^ = Aa^^*^ where |A| = |B| + |C| = |D| + |E| + |C|. 
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Remark 3.6. Let () £P'',Y e r(F®'=) and z G r{T(V)). Then 

[^«',0y] = -(Oyz)® (3.6) 
as operators acting on r{T{V)), and [ • , • ] is the commutator of operators. 
Remark 3. 7. Equation ( 13.31 ) is equivalent to 

= AA^'^^tYu^YaO^ - iYaS^Yu^O) (3.7a) 
= AA^*^(OyB^yc - ^YcOyb) - AA^''^^(0yj3yc)®VE + ^A^°^(>{<}Y^Yi,}(g,Yr, 

(3.7b) 

Here Yi, . . . , l^+f are any sections of V. Moreover, J' — + and A = 

(1, . . . , /c + i*), see Convention 13.41 The J^-multiindices have length |A| = A: + £, 
|B| = fc, |C| = Also, i is interior multiplication as in Convention l3.3l 
To check ( I3.7bl ). use (I3.6l l with Y = Y^ and z = Yc and apply it to ^u. Then, 

Both sides are sections of r{y®^ ® N^V* ® T(y)). Contracting the first i with the 
second I factors, we obtain (since diamonds commute with contractions) 

*yc(OYB^'") - OyeCilc^") = -^Oy^Yc{^u) 

This is equivalent to (since iYc^YB ~ Wu®Yc) 

■iYniSYc (O^u) = Ofb {0Ycu) - {0Oy^Yc) " (3.8) 

With Remark [377l we obtain the following corollary of Proposition l3.1l 
Corollary 3.1. For allO eV^ and Yi,Y2 E r{V), 

Definition 3.4. i]) is the subbundle o/End(V^) whose fiber at p E M is all A g 

End(y)p/or which there /i a A G R io that 

f)p(Ayi,y2) + f)p(yi,Ay2) = Ai)p(Yi,y2) (3.9) 

for all Yi,Y2 G V^. //ere [)p G (Sym^ '■^ representative for f)p. For each k > 0, 
set 

Remark 3.8. The definition of the vector bundle g{V, i^) does not depend on the choice 
of a representative f). The fibers of g{V,S)) have dimension 7. Each fiber is a Lie algebra 
isomorphic to the Lie algebra of the group x 0(1,3), the direct product of the 
multiplicative group of positive real numbers with the Lorentz group. 
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Proposition 3.2. For all () e and Y e r{V^'') and Z e r{V) set 

P{0)yZ^OyZ e r{v) 

Then /3«»y e r{Q{V,Sj)) C r{Y.nd{V)) and [i{<)) e TV". The map 

^ 

!s fl bijection. 

Proof. First, /3«» G F^a'^V* ® End(\^)) because /3(0)f^ is linear over C°°(M) in 
both Y and Z, by the assumption that e T'i- We have to show that /3(0) G Tl^ ■ Let 
I) be a representative of S). Then 

= 0y-(f)(^i,^2)) 
= (Oyl))(^i, ^2) + f](Oy^i, ^2) + f)(^i, 0y^2) 
= n{Y) f)(Zi, Z2) + ()(/3(0)y^i, ^2) + t)(Zi, /3(0)y^2) 

for all Zi, Z2 G r(y), and ^ as in © of Definition O Hence, /3«» G 7^'=. Also, 

• /3 is injective. In fact, /3(<0) = implies that annihilates functions, sections of V 
and, by equation (13.2b . sections of V* . By (a), (c) in Definition l3.11 we have = 0. 

• /? is surjective. Given T G T^*"', set 

Oy/ = Oy^ = TV^ {OYe){Z) = -i{TYZ) 

for all / G C°°(M), Z G /"(F), C G r{V*) and all F G r{V®^). Together with 

(a) ,(c) in Definition 13. II they uniquely determine Oyu for all u G r{T{V)), and 

(b) , (d), (e) in Definition [3?T] are automatic. G "P^ satisfies /3(0) = T. 
□ 



4. From Diamonds of degree one to Lorentzian Geometry 

In this section, we characterize the elements of that correspond to Lorentzian ge- 
ometries. Conversely, we show that every Lorentzian manifold (locally) arises from an 
element ofP^. The Einstein vacuum equations are reinterpreted as conditions on ele- 
ments of P^, to motivate their reformulation in Section|5] 

This section is outside the overall technical development of this paper Its purpose is to 
connect the present formalism with traditional approaches. 

Proposition 4.1. For all () eP^ there is a unique vector bundle homomorphism 

£0 ■ V TM or, equivalent^, G r{V* ® TM) (4.1) 

such that {£^{Y))(f) OviDforallY G r{V) and f G C°°(M). 

Proof. The operator Oy acts as a derivation on C°°{M) and is linear over C°°(Af) in 
Y, by Definition im □ 
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Definition 4.1. A & is called non-degenerate if and only if£^ is a vector bundle 
isomorphism. The canonical extension of £^ from V to T{V) is also denoted by 

£^ : T{V) ^ T{TM) 

The extension is a vector bundle isomorphism determined by 

• £0(/) = fforallf & C°°{M) 

• w) =£0{u)(g>£0{v)forallu,v e r{T{V)) 

• £\lv) = Itm where ly e r(End{V)), Itm e r(End(rA/)) are the identities 
Proposition 4.2. Let () be non-degenerate. Let £ — £^ and set 

V<> : r{T{TM)) ^ r{T*M ® T{TM)) V%u ^ £ (()s-HX)£'\u)'^ 

for all X S r(TM) and u G r{T{TM)). Then is a connection on the tensor 
bundle T{TM) such that for all X e r{TM), 

• is linear over M 

. Vi/ = X(/)/orfl///eC°°(M) 

• maps C°°{M) C°°{M), r{TM) r{TM) andr{T*M) r{T*M) 

• \/%{u®v) = {\/%u)®v + u®{V%v)forallu,v e r{T{TM)) 

• V^/ = where I e r{End{TM)) is the identity. 

Proof. By direct verification. □ 

Lemma 4.1. Let () £ be non-degenerate. Let V ~ V*^, £ = £^. For all Xi G 

r{TM), i = 1,2, andv E r{T{TM)) and corresponding Y, = £^^{Xi) £ r{V), 
i = 1,2, andz^ £^^{v) e r{T{V)): 

(a) (VxiVx, - Vx.Vxi - Vv^,x.-Vx,xOv= if([0,01n®y,2) 

(b) |0, 0] G if and only ifV is torsion-free 

Let t) be a representative for Sj and let ()[) = /i [) as in (|ep of Definition 13.71 Let 

V = £{n) G r[T*M). For all Xi and as above, i = 1,2, and all f G C°° {M): 

(c) Vx, {£{efi))) - ef{df + £{t)) 

(d) di^iXuX^) i) - iy{Vx^X2 - Vx.Xi - [Xi,X2])l} = ^10, (}U»Y,i) 
Proof. We verify (a) through (d): 

(a) The left hand side is equal to f ((OriOya - OyaOn - Oo-nVa-Oi-a^i)^)' 
definition of V = V^, see Proposition |4.2| Now use Corollarv l3.1| 

(b) Let V G C°°{M) in (a). Then z = v. We obtain -Vt(Xi,X2)^^ = U^, Ojy^isY^v. 
The torsion T of V vanishes if and only if |0, 01 e Pi. 

(c) 

Vx, {£{efi))) = df{X,)£Hj) + V {£{h)) 

Vx,{£m=£{<:)£-^(x,)^)^£{li{£-\X,))^)=i,{X,)£{^) 

(d) Let z = () in (a). Then v = £{M)- Rewrite the result using (c) with / = 0. 
This concludes the proof. □ 



9 



Convention 4.1. Let n : E ^ B he a vector bundle. For every S E r(End{E)) we 
denote by tr(S') € C°°{B) its trace as a linear map. 

Proposition 4.3. Let M be simply connected. Let G "P^ and suppose 
(a) is non-degenerate 

Wi[0,01 GT'i 

(c) tr(TyigjyJ ^ 0forallYi,Y2 G r{V), where 

Fix any representative I)' for ^j, and let Ot)' = /i (8) [)' fli in ((ep ofDefinition \3.1\ 
Part 1: The 1-form v = G r{T*M) is exact, v ^ -df with f G C°°(M). 

Part 2: Let ^ be a representative of f). Then V*^ is the Levi-Civita connection for the 
Lorentzian metric ^^(f)) G r(Sym^ T* M) if and only ift) = e^^^k)' for some C G R. 
Part 3: The associated Riemann curvature i?^ is given by 

i?0(Xi,X2)X3 = £0(Ty,«y,y3) G r{TM) (4.2) 

for all X, G r{TM) andY, = {£^)-\Xi) e r{V), i = 1,2,3. 

Remark 4. L Part 2 of Proposition 14.31 implies that: There is a representative () of Sj, 
unique up to an overall constant multiplicative factor, such that V*^ is the Levi-Civita 
connection for £'^{\)). In particular, the assignment ^ i?^(f)) is canonical (indepen- 
dent of the choice of [)'), modulo an overall constant multiplicative factor. 

Proof. We use Lemma 14.11 with the understanding that the representative for f) in 
Lemma|4T|is [}'. Then v in Lemma l^Tl coincides with v in Proposition l4.3l 
Part 1: © implies that is torsion-free by Lemma |4]T](b). Then dv{Xi,X2)^' = 
510,01^101-2')' by Lemma I4l1(d). Contracting with (t)')"^ gives Adv{Xi,X2) = 
\ ([O, Olri^yab') where i denotes interior multiplication. That is, both factors 

of ([0, Oki^Y-^t)') G ^(Sym^ V"*) are contracted with (f]')"^ G r{Sym^ V). Let I, 
F(a) and A^''^ a e J, be as in Remark 1373] Let hab be the components of t)', that is, 

\)' = habX'-"^ A^'') and (}' = h''''F^a) ^^(6), where (/i"'') is the inverse of {hab)- By 
direct calculation, 

i*(b')-(I0'01n»y.f)') = (I0'01n®y.A('^))(i^(,)) = -A('^)([0,0lYi«y.F(,)) 

= -2tr (Ty^igyj) 

For the last equality, bear in mind that ^|0, 01 and T coincide in their actions on sec- 
tions of V. It follows from the last identity that diy{Xi, X2) = — ^ tr (^yi(»Y2), which 
vanishes for all Xi,X2 G r{TM) by (c). Therefore, dv = 0. Since AI is simply con- 
nected, there is, by the Poincare Lemma, an / e C°°(M) with df = —v. 
Part 2: is torsion-free. is compatible with the Lorentzian metric £{e^\)') if and 
only if F = / + C for some C G K, see Lemma l4TT] (c). 
Part 3: Use Lemma|4T|(a) with v ~ Xj, and recall that V"^ is torsion-free. □ 

Remark 4.2. To connect the Lie superalgebra identity |{>, 10, OJl = with the classical 
algebraic and differential Bianchi identities for R^, we derive an identity. First of all, 
suppose that G "P^ and e 7^^. Then Y = f3{0) e 'R? is defined. Let J = {1, 2, 3}. 
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For all Yi e r{V), i e J, and Z E r{V), we have for any J'-multiindex C with 
|C| = 2, 

'iYi,iiYc0z{OT) = iYi,(g}Yc{(>0Z) - iYc(l}Yi,{^OZ) - Or,-^Y^Z 

Multiply by Aa""*^, where A = (1, 2, 3), sum and obtain, by equation ( I3.7al ). 

In the special case when 10, 01 e Vl and when = 5 10, 01, the first term on right 
hand side vanishes by the Lie superalgebra identity |0, |0, OH = 0. The left hand side 
is linear over C°°{M) in Z, and so must be the right hand side. If is non-degenerate, 
the last observation implies the "algebraic Bianchi identity" 

AA^^^rY^Y^ - 

where T = /3(i[0,01) - Consequently, we also have the "differential Bianchi identity" 

AA''''^Y,8yc8z(0T) =0 

Finally, if satisfies all the assumptions of Proposition 14. 31 then we obtain the tradi- 
tional Bianchi identities for the associated Riemann curvature i?"^. 

Proposition 4.4. Let M be simply connected, and assume we are given 

(a) a vector bundle isomorphism ^ :V TM 

(b) a representative f) for 

Let \)' ^ f) in Proposition 14.51 Then, there is a unique () E which satisfies the 
assumptions of Proposition \4~3\ such that £^ ~ ^ and such that fi ^ in Proposition 

E3 

Remark 4.3. Observe that (|a)i and © induce the Lorentzian metric ^{f)) on M. Con- 
versely, every Lorentzian metric arises locally from such a construction. 

Proof. We use Lemma 14.11 with the understanding that the representative for in 
Lemma l4n is f). Then v in Lemma \4~l\ coincides with u in Proposition l4.3l 
We first prove existence. The canonical extension of ^ from V to T{V) is also denoted 
by ^ : T{V) T(TM) (just as in Definition 14111. Let y be the Levi-Civita connec- 
tion associated with ^(f)) £ P(Sym^ T*M), a metric with signature (— , +, +, +). For 
all Y e r{V) and u £ r{T{V)), set Oyu = ^-^(y^(y)^(w)) £ r{T{V)). By direct 
inspection, £ "P^ (see Definition 13.11 1. Then ^ = and y = V*^. In particular, 
is non-degenerate. Lemma |4T|(b) implies that |0,01 G V\, because V*^ = y is 
torsion-free. Lemma |4T|(c) implies 1/ = because = y is compatible with the 
metric ^{f}). Now Lemma |4j](d) implies i|0, OlYi^y^l^ = for all Fi, ^2- This im- 
plies ti (Yyi^Yj) ~ 0, where Y = /3(||0, 01)- This concludes the existence proof. To 
prove uniqueness, assume there are two such £ "P^- Then their £^ = ^ coincide, 
and their coincide, because they are the Levi-Civita connection for the same metric 
£^{f)) by Proposition |43] Then the two O's must be the same. □ 

Proposition 4.5. Let M be simply connected. Let () £ be non-degenerate. The fol- 
lowing are equivalent: 
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(a) (} satisfies the assumptions of Proposition \4~3\ and the associated Lorentzian mani- 
fold is Ricci-flat 

(c) there is an ^ e V^^^ such that = 5IO, 01 and JO, = 
See Definition \5.1\ below for Vy^c- 

Proof, (c) implies (b), and conversely, (b) implies (c) by setting ^ = ^ |<), 0] and using 
the super Jacobi identity to conclude that |0, <2^] = ||0, [[0, OJl = 0. The equivalence 
of (a) and (b) follows by comparing for each row of the following table the correspond- 
ing condition/assumption in Proposition 14. 3 1 and Definition |5.1| 



Proposition \4.3\ 


Definition\5j\with <2J i|0, 01, fc = 2 


(b) 


the assumption ^ e V\ 


alg. Bianchi identity for and (|4.2|i 


(a) 


(c) 


(b) 


Ricci flatness and (I4.2li 


(C.2) 



This concludes the proof. □ 



5. Reformulation of the Einstein vacuum equations 

In the next definition, the index J ~ {1, . . . , A; + 1} and A = (1, . . . , fc + 1), and 
B is a jZ-multiindex of length |B| ^ k. 

Definition 5.1. The "vacuum subspace" V^^^. C V^, k ~ 2,3, 4, is the set of all G 
■p^ such that the associated T = /3(0) £ Ti,^ satisfies for all Yi g r{V), i ^ J , 

(a) AA^''rY^Y, = 

(b) tr(ry3) = 0/orB = (!,..., fc) 

(c.2) for k = 2: C(T) = where C is the contraction operator for the index pair (2, 4) 
(c.3)for k = 3: C(T l)-^) = where C contracts (1, 5), (3, 6) and (4, 7) 

In (c.2) we regard T as a section of{V*)'^^ ®V D A'^V* (g) 2{V, 
In(c.3)weregardT®^~^ asasectionof{V*)®''®V'^'^ D A^V* ®Q{V,f))®Syva^ V. 
Here, \) is any representative of?). All contractions are natural pairings ofV with V*. 

See Definition 16. H and Proposition 16. 1 I for a discussion of index notation. 

We now adopt verbatim, from Section |2] the definitions of V, Ao and Ai, with the 
understanding that Lq = Vo and Li ~ Vi, see Proposition 13. II In particular, for all 
4 = (0, <2J) e pi X p2 c Ai and = (0', <2>') G x C Aq, we have 

^^♦♦= (^^-^[0,01, [0,0l) eP^^P^cAo (5.1a) 

^'♦♦'= (^'-I0,0'1, [0,^^'1 + I0',^l) eP'xP^cAi (5.1b) 

The Einstein vacuum equations are now reformulated as: 

Find ♦ e pi X P4 such that V^^ = 0. (5.2) 
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Remark 5.1. Proposition l4.5M ustifies the expression "reformulation of the Einstein vac- 
uum equations". Notice that, in contrast to Proposition 14.51 we do not require u; to be 
non-degenerate. Degenerate solutions may not be physically interesting in themselves. 
However, they can be used as a mathematical tool, to construct nearby non-degenerate 
solutions. 

We now derive algebraic and differential identities. 

Lemma 5.1. For all (fc, £) E {(1, 2), (2, 2), (1, 3)}, all e P'' and all ^ G Pi„ we 
have lC).n€rif- 

Proof. In this proof, the index set JT" = {1, . . . , fc + f\ and A = (1, . . . , fc + ^). First 
show that |0, ^1 e 7^^+^. Equations dTTbl i. dlST l and Definition O (a) for ^ e -p4c 
imply 




(5.3) 



We have used that T«* = e satisfies T^Z ^ (pyZ for all Y e r{V^^) 

and Z G r{V). The assumption ^ e Vi impHes that ^/ = for all / £ C°°(M), 
and consequently by equation ( 15.3b . |0,<2^]/ = for all / G C°°(Af). Therefore, 

We can now define = /3(^) G 7^'' and jIO-^I = /3([0, ^]) e 7^''+^ Equation 
(15.3b with u = Z G /"( V") is equivalent to 

= AA^^*ye«rc«z(OT^) (5.4) 

Here OT* is a section of ^ 1/ d a^^F* (g) aV* (g) 0(F,i5). We now 

check that [0,^] G P^t^ by showing (a), (b) in Definition O for [0,<2^1. When 
(fc, ^) = (1, 2) we also have to check (c.3). 

• The totally antisymmetric part of the right hand side of equation (15.4b with respect 
to Yi, . . . , Yk+i, Z vanishes by (a) for ^ G Vi,. Therefore, (a) holds for [0, ^1. 

• Oya commutes with natural contractions (pairings of V with V*). Therefore, (b) 
for <^ G Pvac and equation (ISH l imply (b) for |0, <2^1. 

This concludes the proof when {k,£) G {(2, 2), (1, 3)}. From here, (kj) = (1,2). 

• We must show (c.3). We must show that C(TI[^'^I1 i)^^) = 0, where C contracts 
the index-pairs (1, 5), (3, 6), (4, 7) (see the explanation at the end of Definition l5.1b . 
By writing out the sum on the right hand side of ( 15.4b (there are 2) | = 3 terms), 
we see that it suffices to show that the contractions 

(3, 5), (2, 6), (4, 7) or (2, 5), (1, 6), (4, 7) or (1, 5), (3, 6), (4, 7) (5.5) 

of (OT^) ® i)^^ e r((F*)®4 all vanish. Recall that there is a G r{V*) 
such that Of) = A* ® f). Consequently, 0(()~^) = — M ® C)"^)- By the Leibniz rule. 

The contractions listed in (15.5b indeed vanish, because ^ G T'yac- l^i^ '^he first set of 
pairings, the contraction (3, 5) suffices. In the second, (2, 5) suffices. In the third, 
(3, 6) and (4, 7) together suffice, by (b) and (c.2) for ^ G T'^- 
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This concludes the proof. □ 



Proposition 5.1. For all ^ eV^ 



^xVl,andall ^' e x 

v^i e P^x Pl^ 
V^P^^ = 

eP^x Pt 



(5.6a) 
(5.6b) 
(5.6c) 



Proof. Equations ( I5.6ab and ( I5.6cb follow from Lemma ISTl equation ( I5.6bl i follows 
from Proposition l2.1l □ 

Remark 5.2. Equations ( I5.6al i and ( I5.6bb are, respectively, algebraic and differential 
identities for the left hand side of the equation = 0. 

6. Components and Multiindices 

In this section, the previous constructions are made concrete by introducing local coor- 
dinates and components. For this purpose, fix 

• an index set T with \T\ = 4 

• a constant symmetric matrix {gab)a.bei with signature ( — , +, +, +) 

• an open set U C M 

• a coordinate diffeomorphism p : U ^ U C M*, p ^ (/3^(p))^=i,2,3,4 

• a representative f) of over U 

• sections F(^a) of V over U, a <E 2, such that ()(-F'(q) , F(^b)) = dab 

Convention 6.1. We denote by {g'^'')a,b£X the inverse of {gab)a,bei- 

Convention 6.2. (A'^°-')Qgi are the sections of V* over U dual to (i^(a))a6X- 

Convention 6.3. Standard Cartesian coordinates on Z// C are denoted 2.3,4. 

Convention 6.4. Small Latin indices take values in the index set 2. Capital Latin indices 
are multiindices, that is, elements of X'' for some fc > 0. For example, A = (oi . . .a^) 
where ai, . . . ,ak G X. The length of a multiindex will be denoted by |j4| = fc. More- 
over, Aa^^ is introduced just as in Definition l3.3l with the understanding that ordinary 
Latin indices refer to the index set J =T. 

Convention 6.5. For any multiindex A ~ {ai . . . ak), write ~ F{ai) <E) - ■ ■ <E) F{ak)- 

Definition 6.1. S'^ is the real vector space of all (cr, r) — (cr^^, T^m"), where A is an 
X-multiindex of length \ A\ = fc and m,n €z X and fi — 1, 2, 3, 4, such that 

(a) a, T are totally antisymmetric in their first fc lower indices, 

(b) TAn/gin + TAjgim = \ta/ gmn where \A\ = fc 

The "vertical subspace" S''[ is the set of all (cr, r) G S'^ such that 



The "vacuum subspace" S^^^^, 2 < k < A, is the set of all (cr, t) G such that 
(d) Aa^tb" = where \A\ = |S| = fc + 1 



(c)a = 



14 



(e) TAm^gen + TAngtm = wliere \A\ = k 

(f.2)fork = 2:Tanm" =0 
(f.3)fork = 3: g''^Tabnm'' ^0 

Remark 6.1. Property (e) in Definition l6. 1 l implies t^„" = 0. 
Remark 6.2. We have diiiiK S'' ^ ^'^^ ^iniR S*^ = iQ and 

diniR Sl^^ = 10 diniR 5^^^ 16 diniR 5"^^ = 6 

Let V^{U) be defined just as in Definition 13.11 with U instead of M. Similarly for 

Proposition 6.1. Part 1.- Let G V^{U). Set 

(a«)V'op = Oi.(^,p^ (6.1a) 

((r^)Am" O p) ^^(„) = 0F(^,F(„) (6.1b) 

Then (cr^,r*) £ C°°{U,S''). 

Part 2.- For all (crO, r^) S C°°(W, S'') there is a unique G 7''=(C/) f/iaf dO /loZc/. 
Part 3.- (cr^,T^) G C°°(^Y, 5^) ifandonly if() e VHU). 
Part 4.- (crO,rO) G C^{U,S^„,) if and only if () G ^^(t^)- 

TJemarfc 6.3. For all G V''{U), equations dOJ imply that for all / G C°°{U): 

OF,_,,f^ ((<tO)a^ ^{f ° p-^)) o p (6.2a) 

Of,,,A(") - -((tO)^„" op) A(") (6.2b) 

Proof (Proposition \6.]\l . Recall that t) = ffafoA^"' ® A'-''^ is a representative for Sj over L/. 
Part 1: Use Of) = f)> where ^ G r(A''F*|c/), substitute f] = gafcA*") A'^''^ and use 

the Leibniz rule to show that {{t^)a,J o p)gi„ + {{t'^)aJ ° p)gmi = -^(-^'(A)) 5m«- 

Multiply with sum and obtain —^{ {t'^)a£ ° p) ~ p{P{A))- This implies (b) 
in Definition 16.11 Part 2: Equations (I6.1bl i. (I6.2al i and ( I6.2bb together with (|a)i, © in 
Definition 13.11 determine uniquely. Properties ©, (|e)i in Definition 13. II are then 
automatic. This proves existence. is unique, because for every e V^{U), the equa- 
tions dO imply dOal i. dObl . Part 3: G VHU) iff 0/ = for all / G C°°{U) iff 
(T^ = 0, by equation ( I6.2ab . Part 4 follows from Definition 15. II □ 

Proposition 6.2. Lef G V^iU), (/} G V^{U). The superb racket [0,^] G V''+\U) 
has the components 

and 

+ A^^^((r^)cJ(rO)B/ - (r^)B™'(r*)c.") 

- AA^^''{r^)Bc\r%EJ + A/^^(r^)c/(rO)..,„" 
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The multiindices have length 

\A\=k + l \B\ = k \C\^l \D\ = k-l \E\^i^l 

Proof. By direct calculation, using ( I3.7bb and Proposition 16.11 Equation ( I3.7bl l with 

Yi = F(^a,) and A= [ai... ak+i) implies 



To calculate cr^^'^^, set u ~ p^^ and use ( 16.1b and ( 16.2b repeatedly. To calculate r!^''^!, 
setu = F(„). □ 

Propositions l6. Il and l6.2l enable us to write down all the equations of Section|5]explicitly. 
See Sectionm 

7. Covariance 

For this section, fix 

• AI, V, just as at the beginning of Section[3] 

• another such triple M, V, 

• open subsets U C M and U C M 

• a diffeomorphism il) -.U ^ U 

• a vector bundle isomorphism 0: W = V\jj W = V\u &o that ttw ocj) = ipoTii^ 
We require that 

• for each representative \) of over U, G /^(Sym^ W*) is a representative for 



Convention 7.1. As always, there is a canonical extension of (/> to a vector bundle iso- 
morphism T{W) T{W), which we also denote as cf). For every section u G T{W) 
we denote by (j){u) ~ (f> o uo the corresponding section of T{W). 

Let V''{U) and V^{U) be defined just as in Definition O 

Proposition 7.1. For a« G V'^iU) and all Y G r{W'^'') andu&T{W), set 



10, nF,^,u 



A^^^ (Of,«, (^F,c, u) - ^F,e) (Of,,, u) ) 
A BcE/j I A bDC/s 

Aa^*^ (OF(b, (^F(c) w) - ^^F(c) (OF(b, ) 




55 over U. 




where Y = G r{W®'^) and u ^ (j){u) G r{T{W)). Then G The map 

• fl bijection that maps P'l{U) V'liU) andV'^„,{U) -> P^adU), 
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• i0-i(Oi),rHO2)i = r'(l0i,02])/orfl«0i,02 e7"=(c/). 

Proof. By construction. □ 

We will now spell out the transformation law 0^0 (see Proposition 17. lb in compo- 
nents. For this purpose, we fix additional objects, as at the beginning of Section|6] 

• T and {gab) 

• p : [/ ^ W C R'' and f) and {F^^)) 

• p:U (ZM.^a.nA^&M{F(^a)) 
Define 



X'-U ^Uhy the following commuting diagram: 




(7.2) 



• 12 ; ^ (0, oo) by 

f) = 0-i(f)) {Qop)-^ 

• a matrix valued map {A"-i,)a.bei on U by 

F(a)^r\F(,;){A\op) 

• the components J^^ G C°°{U) of the inverse of the Jacobian of x by 



or, equivalent^, ( ^ m 



(7.3) 
(7.4) 

(7.5) 



Convention 7.2. Standard Cartesian coordinates on W C and W C are denoted 

(a;'')^=i,2,34 and (2^)^=1,2,3,4 respectively. 

Remark 7.1. Equations (|73]l, (ES and \]{F(a) , ^"(6) ) = dab, ^{F(a) , -^"(6) ) = 9ab imply 

5ab = gki {hA\) ih^'b) (7.6) 

on U. In other words, (-^yl";,) is a Lorentz transformation matrix. 

Proposition 7.2. Lef eV''{U) andO = ^^^O) ^ P''iU).Let (cr,T) and (aj) be 
the components of () and 0, respectively, as in Proposition \6.1\ (These components are 
functions on U and U.) We have on U 



{as" o x) A^A J. 



(7.7a) 



^a™" = wi^Bk' o + 7i^(aB'' o x)^^aJ.^( Jtt^'™)^/ (7.7b) 

//ere A = (ai . . . Ofe), B ^ [b^ . . . bu), A^ a = A^\, ■ ■ ■ A'^'a, and Ae" = giaA'^tg''". 
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Remark 7.2. Set ip = and K^'' = ■^p'' and O ^ [2 o ip and zi°6 A^'i, o (p. 
Then (I7.7l l is equivalent to 

a^"" op^aB"" A^aK^'' (7.8a) 
Ta™" ° ^ = ^ rBfcM^AZi'=™Z\," + ^ asM^A(g|.Z\^™)Z\," (7.8b) 

Proof (Proposition \7.2h Calculate 

= {A'^A o p) 0^-i(F,,,) ((X"')^ ° P ° V-) 

Compose with p^^ from the right, and obtain equation (I7.7ab . To show ( I7.7bb . use 

(see equation ( I6.1bb ) and calculate 

{rAj'op)r\F(,)){A'^op) 

= {A^A o p) 0^-i(F(,,) (r '(^^W) {A'„, o p)) 

= {A'^A o p) {(/l^. o p) O0-i(i.,,,)r'(^w) + o p)} 

+ (Oi.<,,(^'™ox-lop)] o^}0-l(F(,)) 
= (yl^ A o P) { (^'"m o p) (TBfc^ o p o V') 

+ (aB^'^iA'^ox-^)) opoV} r'(i^TO) 

From both sides, factor out compose with from the right, and obtain 

(ITTbl i. □ 

8. Instruction manual 

The purpose of this section is to state, in a self-contained and ready-to-use manner, 
definitions and propositions that express the reformulated Einstein vacuum equations 
(15.2b . in explicit coordinate/index notation on an open subset of US'*. 

For this section, fix 
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• a simply connected open subset W C M 

• an index set T with \L\ ~ 4 

• a constant symmetric matrix {gab)a,bei with signature (— , +, +, +) 

The statements of all definitions and propositions in this section are completely self- 
contained and make no reference to previous sections. The proofs, on the other hand, 
rely on the previous sections. We consider Definition l3.3l Conventions l6. Ill631l6.4l and 
Definition l6.1l as being part of this section. 

In the next proposition. A, B, C, D are X-multiindices with length 

|^| = |S| = 2 |q=3 \D\=4 

Proposition 8.1. Part 1: For all ^ = {{E, T), (0, W)) G C°°{U, x S^,) set 

Ta"" - ^AA^'I^Eb'^E,^ - (8.1a) 

c/^^" = WAm"" - A^^^(i?,^^r„„" + r,„/r„" - rjr,„.-) (8.ib) 

Vcm" = Ac'^i^Eb^^WAm'' + EM^WAm' " ^JWae" " 2^^^,,™") 

(8.1c) 

Then ♦' = ((T, U), (0, V)) is in C°°{U, S'^ x S'3,J. In other words, there is a map 

C°° {U, X Si,) (W, X 5,^,) (8.2) 

which we again write as T)^^ ~ 
Part 2: For all 

^ = {{E,r),{o,w)) e c^{u,s' X slj 

^ {{T,U),{0,V)) e C^{U,S' X SlJ 
not necessarily = V^^, set 

Ic"" = Ac'^(^- Eb-'^TA^ + TA^^^Et'^ + 2r/Ta^ - UAb'E,^) (8.3a) 

ilCm" = Vcm" — Ac'"^ (^Eb^ -^^UAm^^ — TA^-£^Ebm^ + U ArJ Fbt^ (8.3b) 

— rbm^UAt^ — '^EA^Uibm^ + UAb^ Tim"^ 

^D,n" = Ao'^'^Eb^^Vcm'' + VcJEb,^ - EbJVci'' + 3 C/c'l^f,.™") (8.3c) 

Then = (0, QJ)) is in C°°{U, S'^ x Sf^,). In other words, there is a map 

C^{U, X Si,) X C°^{U, S^ X Si,) ^ C°^{U, S^ x S^) (8.4) 

(♦,♦')-♦" 

which we again write as T)^^' = ♦". 

Part 3: For all 4 e C°°(i^, S^ x Si,), 

V^V^^ = (8.5) 
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Proof. Warning, in this proof we consciously abuse notation, the symbols U and V are 
both given two meanings. 

Let K be the 4-dimensional real vector space spanned by elements {k(^a,))a£i- We use 
the previous sections, with the understanding that M, V, at the beginning of Section 
|3]and U, p, f), F(^a) at the beginning of Section|6]are: 

• M CR'^ with trivial bundle V = U x K 

• p : U —U ^ U the identity transformation 

• : W 9 a; I— > (x, fc((j-)) gU x K constant sections 

• Sjis defined by declaring f) to be a representative, where t){Fi^a): ^{t}) ~ 9ab- 

Part 1: We identify ♦ = ((S, T), (0, W)) G C°°(iY, x 5^,) with the corresponding 
♦ e X P^^^, in the sense of Proposition 16. II Let = € xV^ be given by 
equation dS.lal ). By Proposition l5.ll G T'^ x 7-*vac- Identify with the corresponding 
♦' = ((T, [/), (0, V)) e C^{U, 52 X 53^,), in the sense of PropositionO It follows 
from equation ( 15. lab and Proposition l6.2l that T, U, V are given by equations ( 18.1b . For 
the last term in dOcl i. recall that 2Ac''^ryt ^ ^ A c'"""r„„^ see Definition^ 
Part 2: Analogous to Part 1, using equation ( I5.1bb . 
Part 3: This is now a corollary of Proposition l5.1l □ 

The Einstein vacuum equations are reformulated as: 

Find ♦ e C^{U, X S^J such that = 0. (8.6) 



Remark 8.1. By the proof of Proposition l8.1l the coordinate construction of V and the 
abstract construction of V coincide. Therefore, ( 15.2b and ( 18.6b are equivalent. 

Proposition 8.2. Suppose ^ = {{E, T), (0, Vl^)) € C°°(U, x S^^,) satisfies 

and {Ea^) is invertible as a matrix at each point ofU, so that the four vector fields 
Ea = Ea'^-^^, a £ X, are a frame for each fiber of TIA. 

Part 1: e r{T*U) given by v{Ea) = -^Ean" is exact, v = -d/ with f e C°°(U). 
Part 2: The Lorentzian metric g onU given by g{Ea,Ei,) = gab has Levi-Civita 
connection V E^Em = FanJ^En. 

Part 3: The associated Riemann curvature is given by R{Ea, Ei,)Ejn ~ Wabm^ E^. In 
particular, the Ricci-curvature vanishes. 

Proof. We adopt the conventions in the proof of Proposition l8.1l up to and including the 
four bullets. We identify ♦ = {{E, F), (0, W)) with the corresponding ♦ = (0, ^) e 
X V^^^, in the sense of Proposition 16. II Recall Proposition 14. II Definition 14. II and 
(I6.2ab . Observe that 

• G "P^ is non-degenerate, because [Ea^) is invertible, and £'^{F(^a.)) — Ea. In 
fact, for every q e C°"{U) we have Ea{q) = Ea'^-^q = Of^^^Q- 

• (a) in Proposition 14.51 holds, because M = U is simply connected, () £ is 
non-degenerate, (c) in Proposition l4.5l holds by = 0, and (c) implies (a). 
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Let [)' in Proposition |43] be given by I)' {Ff^g.) , F{b)) ~ dab, and let Of)' = ® f)'. Then 
the 1-form v G r{T*U) in Proposition l43]is given by v{Ea) = fJ-{P(a) ) _= -^^an"- 
For the last equality, use Of(„) f)' = A*(-F'(a))f)' and equations ( 16. Il l and (16 2| i. 
We apply Parts 1, 2, 3 of Proposition |43] v = -df with / e C°°{U). is the 
Levi-Civita connection of g = f^(e-''t)') = e^£^^(f)'), and g{Ea,Ei,) = gab- The 
connection V|^£:„ = £<> (Of(„, i^(m) ) = 50(A^"i^(„)) = FaJ^E^. The Riemann 
curvature is R{Ea,Eb)E^ = 5^^([0> OlF(„,»F(,)i^(m)) = ^^(^F(„)g)F(,)i^(m)) = 
£^ (W^a6m"i^(„) ) = Wabm^'En. The Ricci-curvature vanishes by Wa„™" =0. □ 

Proposition 8.3. Suppose {Ea)aei a frame for each fiber ofTlA and the Lorentzian 
metric g given by g{Ea, Ef,) ~ gab is Ricci-flat. Then g arises from a solution to 

as in Proposition \8.2\ 

Proof. We adopt the conventions in the proof of Proposition 18.11 up to and including 
the four bullets. Define a vector bundle isomorphism ^ : V ^ TU by ^ {F(a) ) ~ Ea- 
LetJIj begivenby F(f,)) gab- It is a representative of ^. Then^()fj)(i?Q, 

}/){F(^a).F{b)) = gab = g{Ea, Eb), that is, 5 = Let G be as in Proposition 

14.41 Then <> satisfies the assumptions of Proposition 14.31 £^ = ^, ()f) ~ 0, and the 
Lorentzian metric associated with (see Remark 1431 ) is ^{f)) = g, which by assump- 
tion is Ricci-flat. By (a) (c) in Proposition ^. 51 (recall that U is simply connected) 
there is a G V^^^ so that 4 = (0, 0) satisfies V^^ = 0. Identify ♦ G T'^ x V^^ with 
the corresponding 4 = (((jO, r^), (0, )) G C°°{U, x S'^J, in the sense of Propo- 
sitionO Then (a^)a''g|r = £^{F(^a)) - HFia)) = Fa, that is, (a^)/ - 
Moreover, ;^ = in Proposition [82] and we can choose f — 0- Then the g's in Proposi- 
tion l8.2l and l8.3l coincide. □ 

Proposition 8.4. Let U cM.'^be open. We use Convention U .2\ Let (x, A) be a pair, 

• X '-U —^U a diffeomorphism 

• {A°-b)a,bei = ^ {L°'b)a,bei where Q : U ^ {Q , oo) and {L°'b)a.b£i is a matrix 
valued map on U such that gab = gkiL^ aL^b- 

and let 

• J^^ be given by M .5\ 

To each = (cr, r) G C°°{U, S'') we associate = (5, r) G C°°(W, S'^) by equations 
(ITTI l, or, equivalent^, To each 4 = (0, ^) G C°°(W, 5''= x S^+^) we associate 

^ = (0, ^) G C°°(W, 5"= X S^+^). Then: 

Part 1: For all G C°"{U, S^), ♦ G C°°{U, x 5,D ayid ^' G x 

fflj G C°°(W, 5*^) if and only if<)J, C°^{U^S\) 

(b) G C^{1£, Si:,,) if and only ifO& CJ^, St,) 

(c) ♦ G C°°iU, X SlJ andV^i = 

(d) ♦' G C°°(W, X 53,,) andV:^'^' = V^' 
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Especially, ♦ is a solution to ( I8.6I 1 on U if and only if ^ is a solution to ( 18.61 ) on lA. 
Part 2; The composition of (x, A) and (x, j^), where % : — > fl«t/ yl /i defined on hi, 
is given by (x o^,[Ao x)^)- TVie inverse to (x, ^) (x~^i ° X~^)- 

Proof. We adopt the conventions in the proof of Proposition 18. II up to and including 
the four bullets. We make the same conventions for all quantities with tildes. We use 
Section |71 with the understanding that the diffeomorphism t/j : U = U ^ U = U 
is given by -0 = x. and the vector bundle isomorphism <f) : U x K ^ U x K maps 
(ir, fc(Q-)) to (x(5;), fc(6)vl^a(a?))- With these definitions, x, i^, ^"'b, Ju^ as defined in 
Section|7]coincide with x, -^""b, Ju^ in Proposition [83] In other words, the diagram 
( 17.2b commutes, and equations ( 17.31 ). ( 17.41 ). ( 17.5b hold. 

• We verify equation ( 17.4b : For every x eU, 

{<P°F(a))^ = 0(^,fc(a)) = {x{x),k(i,)A''a{x)) = O x)x A'' a{x) 

That is, (j) o o x) ^''a- Compose with from the left to obtain ( 17.4b . 

• We verify equation ( 17.3b : 

0-i(fj)(F(,),i?(6)) = ()((A(i?(,)),(A(F(fc)))ox- yl^yl^ 

We identify abstract diamonds and their components, in the sense of Proposition 16. II 
With this understanding, the maps 

• C°°(W, S^) ^C°°(U, 5'=), in Propositiongai 

• V''{U) ^ r^{U), ^ (0) in PropositionO 

coincide, by Proposition 17.21 Part 1 : Now (a), (b) follow from Proposition 16.11 and 
Proposition 17. II The first statements in (c) and (d) follow from (a) and (b). The sec- 
ond statements in (c) and (d) follow from Remark lOl equations ( 15.11 ) and the fact that 
the map 1-^ commutes with the Lie superbracket, see Proposition 17. II Part 2: Let 
■0, (j) and 0, (j> be the diffeomorphism and vector bundle isomorphism corresponding to 
the pairs (x, A) and (x, A). Then the pair (x o x, (yl o x)yl) corresponds to i/' o -0, o <j>. 
Now, Part 2 follows from Proposition l7.1l □ 

We conclude this section with a few remarks: 

Remark 8.2. The (coordinate) first order differential operators T) in Part 1 and Part 2 of 
Proposition 18.11 are classically defined when ♦ and are of class C^. Especially, the 
left hand side of the Einstein vacuum equation T)^^ = is well defined for any ♦ of 
class C^. By continuity, the differential identity ( 18.51 ) holds for every ♦ of class C^. 

Remark 8.3. It is essential to observe that there is a canonical subformalism of the for- 
malism of this paper, which informally speaking is obtained by putting all the jj, G 
r{V*) and ly G r{T*AI) to zero. More precisely, at the beginning of Section [51 we 
choose a section ()o = i^(Sym^ V*) with signature (— , +, +, +) instead of a confor- 
mal section S). From this point on, every representative of is replaced by [}o. Then, 
in (e) of Definition 13. II we also require that /i = 0. Definition 13.41 for g(V,io) is re- 
placed by a Definition of g{V, [)o) by putting A = in ( 13. 9b . giving a vector bundle 
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with fibers of dimension 6, and the definition of Til' is changed accordingly. In this 
subformalism, condition (c) in Proposition l4.3l is vacuous. Definition l6. 11 (b) is replaced 
by TAm^gin + TAn^gim = 0. (The new condition differs from the old condition by 
Tyi/ = 0.) RemarkOis replaced by diniR S'' = lO(^) and dimR S'l = 6(^), while 
dimR ^yac is unchanged. Now = 1 in ( 17.3b . We emphasize the consequences that the 
subformalism has for Proposition 18. II In Part 1, we have the new condition Fam^ = 0, 
and the new conclusion Uavi"^ ~ 0. In Part 2, we have the new conditions Fani^ = 
and UArn^ = 0, and the new conclusion ilcm™ = 0. Finally, Propositions 18 .21 and l8 .3 1 
as well as all the other propositions hold for the subformalism, with the understanding 
that in Proposition ISH Q = I. 

Remark 8.4. The discussion of Appendix B to IRTl is a precursor to the formalism of 
this paper, more precisely to the subformalism elaborated on in Remark lOl To compare 
the two developments, one must be aware that: 

• The ordering of the indices may differ. 

• Combinatorial factors may differ. 

• In contrast to IIRTI . indices are neither raised nor lowered in this paper. 
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